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Abstract

In this paper we study a basic problem in computational geometry using
simple bracket manipulations. The problem is how to judge if two solid convex
polygons or polytopes intersect or not. We establish a sequence of criteria based
on boundary intersection searching, hyperplane separation searching, and hybrid
search method which combines the former two methods. The simulation results
show that the latter is significantly superior to the former methods.

Key words. Brackets, computational geometry, convex polygon, convex
polytope.

1 Introduction

Judging if two convex bodies in the space intersect or not is a basic task in computa-
tional geometry and computer graphics. This task is easy theoretically, but from the
application point of view, the efficiency of the criterion used in the judgement still bears
much concern, and finding more efficient detection method is still an active research
topic nowadays.

For two solid convex bodies, if they intersect at all, then either one is completely
situated at the interior of the other, or the boundaries of the two convex bodies, which
have lower dimensions, must intersect. This intersection-searching idea leads to a
recursive algorithm of judging if two convex bodies intersect.

Another idea is based on the fact that if two solid compact convex bodies are
separate, then there exists a hyperplane in the space between them but not touching
any of them. This paper shows that one only needs to check some boundaries of the
convex bodies, and in 3D case some extra planes spanned by edges of the polygons or
polytopes. This idea leads to a separation-searching algorithm. It can also be derived
from the idea that if two convex bodies are separate, then one body does not touch
the Minkowski sum of the two convex bodies with base on the other body.
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One interesting thing is that we can effectively weave up the two algorithms so that
the hybrid algorithm outruns by far any of the “pure-minded” ones. The reason is
obvious: if there is a group of pairs of intersecting convex bodies, then the separation-
searching algorithm has to go through all the separation cases before it reaches the
conclusion that all pairs are not separate. Likewise, for pairs of separate bodies, the
intersection-searching algorithm will perform much worse than the separation-searching
algorithm. The hybrid algorithm does intersection search at one step, and does sepa-
ration search at the next step in a staircase way. This feature makes it more efficient.

It turns out that the signs of some brackets of the homogeneous coordinates of
the vertices of the two convex bodies are all we need in carrying out the judgement.
By definition, in an n-dimensional affine space An the homogeneous coordinates of a
point a = (a1, . . . , an) is (a1, . . . , an, 1), and the bracket of a sequence of n + 1 points
a1, . . . , an+1 is

[a1 . . . an+1] =

∣∣∣∣∣∣∣∣∣∣

a11 · · · a(n+1)1
...

. . .
...

a1n · · · a(n+1)n

1 · · · 1

∣∣∣∣∣∣∣∣∣∣
. (1.1)

The n+1 points are affinely dependent if their bracket equals zero. When the bracket is
nonzero, its sign is completely determined by the sequence of points and the orientation
of the coordinate system. In other words, the change of the coordinate system does
not change the sign of the bracket as long as the new coordinate system has the same
orientation with the old one.

In this paper we first study the intersection-searching criterion, then study the
separation-searching criterion, and intertwine them to form a hybrid search method.
Simulations are carried out to both 2D and 3D cases, and the superiority of the hybrid
method is fully justified. We believe that the hybrid method should be one of the
most efficient ones by now. In the next section we first introduce some notations and
formulas in bracket algebra.

2 Brackets, intersections and some notations

An n-dimensional affine spaceAn can be taken as a hyperplane in an (n+1)-dimensional
vector space Vn+1 away from the origin. Its points are thus represented by vectors from
the origin of Vn+1 to the points in the hyperplane. When n + 1 points a1, . . . , an+1

are affinely independent, the first n points generate a hyperplane in An, which is the
intersection of the vector space spanned by the vectors representing the n points with
the hyperplane representing An.

The sequence a1, . . . , an determines an orientation of the hyperplane they generate.
While an even permutation of the sequence does not change the orientation, an odd
ones reverses the orientation. Point an+1 is said to be on the positive side of the oriented
hyperplane if [a1 . . . an+1] > 0, and on the negative side if [a1 . . . an+1] < 0.
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In application, it often occurs that brackets of different size are needed. For ex-
ample, for points a1, a2 in a plane, the bracket [a1a2a3] is meaningful for any point a3

in the plane, while bracket [a1a2] is meaningful on the line passing through the two
points. The sign of the latter bracket equals that of [a1a2a3], where a3 is any point
outside the line such that the bracket [e1e2a3] formed by the coordinate system {e1, e2}
of the line and a3 is positive.

In the plane, the intersection of lines 12,1′2′ is

12 ∩ 1′2′ = c−1([11′2′]2− [21′2′]1) = c−1([122′]1′ − [121′]2′), (2.1)

where c = [11′2′]− [21′2′] = [122′]− [121′]. The two lines are collinear if and only if
[11′2′] = [21′2′] = 0. They are parallel if and only if [11′2′] = [21′2′] 6= 0.

In the space, the intersection of line 12 and plane 1′2′3′ is

12 ∩ 1′2′3′ = d−1([121′2′]3′ + [122′3′]1′ + [123′1′]2′) = d−1([11′2′3′]2− [21′2′3′]1),
(2.2)

where d = [121′2′] + [122′3′] + [123′1′] = [11′2′3′] − [21′2′3′]. The line is on the
plane if and only if [11′2′3′] = [21′2′3′] = 0. It is parallel to the plane if and only if
[11′2′3′] = [21′2′3′] 6= 0.

The sign function s : R −→ {1, 0,−1} is a mapping returning the sign as of a real
number a. For a real matrix M , its sign matrix M s is the matrix composed of the signs
of the components of M .

Let 1′2′3′ be a triangle. By this we assume that points 1′,2′,3′ are not collinear.
A point 1 is inside the triangle if and only if the following brackets have the same sign:

[11′2′], [12′3′], [13′1′]. (2.3)

Point 1 is on the border of the triangle if and only if the three brackets are either ≥ 0
or ≤ 0, and at least one bracket equals zero. Point 1 is covered by the triangle if it is
in the closure of the solid triangle.

In this paper, for a vertex i of a polytope 1 · · ·n, the two vertices joined i are
denoted by i− 1 and i + 1 respectively. Such indices are always modulo n.

3 Intersection-searching criteria in 2D case

Two triangles

Two coplanar triangles intersect if and only if either one vertex of a triangle is
covered by the other triangle, or one side of a triangle intersects a side of the other
triangle.

Proposition 3.1. Let 123 and 1′2′3′ be two triangles in the plane. Let

M =




[12′3′] [13′1′] [11′2′]
[22′3′] [23′1′] [21′2′]
[32′3′] [33′1′] [31′2′]


 , M ′ =




[1′23] [1′31] [1′12]
[2′23] [2′31] [2′12]
[3′23] [3′31] [3′12]


 . (3.1)
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The two solid triangles do not intersect if and only if ±1 are in every line of M s and
M ′s, and

max([11′2′]s[21′2′]s, [1′12]s[2′12]s)
= max([13′1′]s[23′1′]s, [1′12]s[3′12]s)
= max([11′2′]s[31′2′]s, [1′31]s[2′31]s)
= max([13′1′]s[33′1′]s, [1′31]s[3′31]s)
= 1.

(3.2)

Proof. We only need to prove the sufficiency of the conditions for the two triangles not
to intersect. Since every line of M s and M ′s contains 1 and −1, no vertex of a triangle
is covered by the other triangle.

When sides (i − 1)(i + 1) and (j − 1)′(j + 1)′ are collinear, which is equivalent to
the condition that the j-th column of M s has only the i-th element being nonzero, the
two sides do not intersect. When points i, j′ are on different sides of line (i − 1)(i +
1)(j− 1)′(j + 1)′, the two triangles do not intersect. When they are on the same side
of the line, it can be easily proved that the two triangles intersect if and only if each of
(i− 1)i, (i + 1)i intersects (j− 1)′j′ and (j + 1)′j′. In both cases, the two triangles do
not intersect if and only if at least one of the following pairs of sides do not intersect:

{(i−1)i, (j−1)′j′}, {(i+1)i, (j−1)′j′}, {(i−1)i, (j+1)′j′}, {(i+1)i, (j+1)′j′}. (3.3)

Observe that the set {12,1′2′}, {12,1′3′}, {13,1′2′}, {13,1′3′} always has non-empty
intersection with the set (3.3) for any 1 ≤ i, j ≤ 3. As a consequence, if sides 12,13
and sides 1′2′,1′3′ do not intersect, then at least one of the pairs of sides in (3.3) do
not intersect, and the condition is also sufficient and necessary for the two triangles
not to intersect.

When no two sides from different triangles are collinear, it can be easily proved
that if the two triangles intersect, then there are two possibilities: either each side of
each triangle intersects two sides of the other triangle, or two sides of each triangle
each intersect two sides of the other triangle, and the third side of each triangle does
not intersect any side of the other triangle. Thus the two triangles do not intersect if
and only if sides 12,13 do not intersect sides 1′2′,1′3′.

A triangle and a convex quadrilateral

Lemma 3.2. Triangle 123 and convex quadrilateral 1′2′3′4′ do not intersect if and
only if the vertices of any of them are not covered by the other one, and line segments
12,13 do not intersect line segments 1′3′,2′4′.

Proposition 3.3. For triangle 123 and convex quadrilateral 1′2′3′4′ in the plane,
define

M =




[11′2′] [12′3′] [13′4′] [14′1′]
[21′2′] [22′3′] [23′4′] [24′1′]
[31′2′] [32′3′] [33′4′] [34′1′]


 , M ′ =




[1′12] [1′23] [1′31]
[2′12] [2′23] [2′31]
[3′12] [3′23] [3′31]
[4′12] [4′23] [4′31]


 . (3.4)
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They do not intersect if and only if the following conditions are all satisfied:

(1) ±1 are in every line of M s and M ′s.
(2) max([11′3′]s[21′3′]s, [1′12]s[3′12]s) + max([12′4′]s[22′4′]s, [2′12]s[4′12]s) ≥ 1.
(3) max([11′3′]s[31′3′]s, [1′13]s[3′13]s) + max([12′4′]s[32′4′]s, [2′13]s[4′13]s) ≥ 1.

Two convex quadrilaterals

Lemma 3.4. For two solid convex quadrilateral 1234 and 1′2′3′4′, they do not inter-
sect if and only if the vertices of any of them are not covered by the other one, and
line segments 13,24 do not intersect line segments 1′3′,2′4′.

Proposition 3.5. For two convex quadrilateral 1234 and 1′2′3′4′, let

M =




[11′2′] [12′3′] [13′4′] [14′1′]
[21′2′] [22′3′] [23′4′] [24′1′]
[31′2′] [32′3′] [33′4′] [34′1′]
[41′2′] [42′3′] [43′4′] [44′1′]


 , M ′ =




[1′12] [1′23] [1′34] [1′41]
[2′12] [2′23] [2′34] [2′41]
[3′12] [3′23] [3′34] [3′41]
[4′12] [4′23] [4′34] [4′41]


 .

(3.5)
They do not intersect if and only if the following conditions are all satisfied:

(1) ±1 are in every line of M s and M ′s.
(2) max([11′3′]s[31′3′]s, [1′13]s[3′13]s) + max([12′4′]s[32′4′]s, [2′13]s[4′13]s) ≥ 1.
(3) max([21′3′]s[41′3′]s, [1′24]s[3′24]s) + max([22′4′]s[42′4′]s, [2′24]s[4′24]s) ≥ 1.

Two convex polygons

An oriented convex polygon is represented by the sequence of its vertices: a1 . . . am.
Let 1 · · ·n and 1′ · · ·m′ be two convex polygons. Let

M =




[11′2′] [12′3′] · · · [1m′1′]
[21′2′] [22′3′] · · · [2m′1′]
...

...
...

...
[n1′2′] [n2′3′] · · · [nm′1′]




, M ′ =




[1′12] [1′23] · · · [1′n1]
[2′12] [2′23] · · · [2′n1]
...

...
...

...
[m12] [m23] · · · [mn1]




.

(3.6)

Case 1. When m,n are both even, the two polygons do not intersect if and only if
the vertices of any of them are not covered by the other one, and line segments i(i+n/2)
for i = 1, . . . , n/2 do not intersect line segments j′(j + m/2)′ for j = 1, . . . , m/2.

Case 2. When one of m,n, say n, is even, the two polygons do not intersect if and
only if the vertices of any of them are not covered by the other one, and line segments
i(i + n/2) for i = 1, . . . , n/2 do not intersect line segments j′(j + (m − 1)/2)′ and
(m− 1)′m′ for j = 1, . . . , (m− 1)/2.

Case 3. When m,n are both odd, the two polygons do not intersect if and only
if the vertices of any of them are not covered by the other one, and line segments
i(i + (n − 1)/2) and (n − 1)n for i = 1, . . . , (n − 1)/2 do not intersect line segments
j′(j + (n− 1)/2)′ and (m− 1)m for j = 1, . . . , (m− 1)/2.
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Proposition 3.6. Two convex polygons 1 · · ·n and 1′ · · ·m′ do not intersect if and
only if ±1 are in every line of M s and M ′s, and (a) if both m,n are even, then for any
1 ≤ i ≤ n

2
,

m
2∑

j=1

max([ij′(j +
m

2
)′]s[(i +

n

2
)j′(j +

m

2
)′]s, [j′i(i +

n

2
)]s[(j +

m

2
)′i(i +

n

2
)]s)

≥ m

2
− 1,

(3.7)

(b) if one of m,n, say n, is even, then for any 1 ≤ i ≤ n
2
,

max([i(m− 1)′m′]s[(i +
n

2
)(m− 1)′m′]s, [(m− 1)′i(i +

n

2
)]s[m′i(i +

n

2
)]s)

+

[m
2

]∑

j=1

max([ij′(j + [
m

2
])′]s[(i +

n

2
)j′(j + ([

m

2
])′]s, [j′i(i +

n

2
)]s[(j + [

m

2
])′i(i +

n

2
)]s)

≥ [
m

2
] + 1,

(3.8)
(c) if both m,n are odd, then for any 1 ≤ i ≤ [n

2
],

max([i(m− 1)′m′]s[(i + [
n

2
])(m− 1)′m′]s, [(m− 1)′i(i + [

n

2
])]s[m′i(i + [

n

2
])]s)

+

[m
2

]∑

j=1

max([ij′(j + [
m

2
])′]s[(i + [

n

2
])j′(j + [

m

2
])′]s, [j′i(i + [

n

2
])]s[(j + [

m

2
])′i(i + [

n

2
])]s)

≥ [
m

2
] + 1

(3.9)
and

max([(n− 1)(m− 1)′m′]s[n(m− 1)′m′]s, [(m− 1)′(n− 1)n]s[m′(n− 1)n]s)

+

[m
2

]∑

j=1

max([(n− 1)j′(j + [
m

2
]′]s[nj′(j + [

m

2
])′]s, [j′(n− 1)n]s[(j + [

m

2
])′n(n− 1))]s)

≥ [
m

2
] + 1.

(3.10)

4 Separation-searching criterion in 2D case

Proposition 4.1. For two convex polygons, they do not intersect if and only if there
exists a line passing through one edge of a polygon such that the two polygons are on
different sides of the line and one polygon does not touch the line at all.

Proof. We only need to prove the necessity of the condition. If two convex polygons
A,B do not intersect, then their distance is nonzero. Let a, b be two points on the
boundaries of the two polygons respectively such that their distance equals that of the

6



two polygons. Such two points obviously exists. Push polygon A along the vector from
a to b towards B until a, b are identified, we get a polygon A′. There are three cases.

Case 1. a, b are at the interiors of two edges Ea, Eb of the two polygons respectively.

There exists a neighborhood of b in Eb which is also in the edge E ′
a of A′ corre-

sponding to Ea. So Ea, Eb are parallel, and the two polygons are outside the region
between the two parallel lines. Obviously they do not intersect.

Case 2. a is a vertex of A while b is at the interior of edge Eb of B.

If there is any other point c other than b which is common to both A′ and B, then
by convexity, line segment bc belongs to both polygons. This reduces to Case 1. So
we can assume that b is the unique common point between A′,B. Then A,B are on
different sides of line Eb, and A does not touch the line.

Case 3. a, b are both vertices.

We simply reflect the angle of A′ at vertex b with respect to the vertex. The union
of the reflected angle with the angle of B at b is an angle 6 b(A,B), called the forbidden
angle of the two polygons at b. It has the property that no matter how A′ is translated
nearby the vertex b of B, it simply cannot enter the angle, and vice versa when A′ is
fixed and B is translated. Let l be a side of the forbidden angle which is not collinear
with point a. Then the edge corresponding to l separates A,B in the sense that the
line passing through the edge separates A,B, and one polygon does not touch the line.

Corollary 4.2. For two convex polygons 12 · · ·n and 1′2′ · · ·m′, their corresponding
matrices M, M ′ are defined in (3.6). Assume that their orientations are both positive,
then they do not intersect if and only if at least one column of M s or M ′s is composed
of −1’s.

5 Intersection-searching criteria in 3D case

Two convex polygons

Proposition 5.1. For two non-coplanar convex polygons 12 · · ·n and 1′2′ · · ·m′, let

M1 =
(

[11′2′3′] · · · · · · [n1′2′3′]
)
, M2 =

(
[1′123] · · · · · · [m′123]

)
. (5.1)

Let mj be the sum of the elements in M s
j . The two polygons do not intersect if and

only if one of the following conditions is satisfied:

(1) |m1| = n or |m2| = m.

(2) |m1| = n− 1, and if the i-th element in M s
1 is zero, then ±1 are in

{[i(i + 1)1′2′]s, [i(i + 1)2′3′]s, · · · , [i(i + 1)m′1′)]s}.
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(3) |m2| = m− 1, and if the j-th element in M s
2 is zero, then ±1 are in

{[12j′(j + 1)′]s, [23j′(j + 1)′]s, · · · , [n1j′(j + 1)′)]s}.
(4) In other cases, let i1 be the first point in 1,2, · · · ,n such that [i11

′2′3′]s /∈ {0,
[(i1 + 1)1′2′3′]s}, and let i2 be the first point in n, · · · ,2,1 such that [i21

′2′3′]s /∈
{0, [(i2 − 1)1′2′3′]s,−[i11

′2′3′]s}. Points j′1 and j′2 in 1′, · · · ,m′ can be found
similarly. Then

|[i1(i1 + 1)j′1(j1 + 1)′]s + [i1(i1 + 1)j′2(j2 − 1)′]s

+[i2(i2 − 1)j′1(j1 + 1)′]s + [i2(i2 − 1)j′2(j2 − 1)′]s| = 4.
(5.2)

A convex polygon and a convex polytope

For a convex polytope A in the space, we use the symbol aij to denote the j-th
vertex of the i-th face. The orientation of the face defined by the sequence ai1, . . . , aiki

is induced from the orientation of the polytope such that [ai(j−1)aijai(j+1)apq] > 0 for
any 1 ≤ j, l ≤ ki and any vertex apq outside the face. This orientation is said to be
positive.

It is obvious that a polytope A intersects a polygon B = b1 . . .bm if and only if
one of the vertices of B is covered by A, or B intersects one face of A. Let f be the
number of faces of A. Let

M =




[a11a12a13b1] [a21a22a23b1] · · · [af1af2af3b1]
[a11a12a13b2] [a21a22a23b2] · · · [af1af2af3b2]
...

...
...

...
[a11a12a13bm] [a21a22a23bm] · · · [af1af2af3bm]




.

Then there exists a vertex of B which is covered by A if and only if one line of M s has
all its elements being nonnegative.

Two convex polytopes

Two convex polytopes intersect if and only if either one vertex of a polytope is
covered by the other polytope, or one face of a polytope intersects a face of the other
polytope.

6 Separation-searching criteria in 3D

Proposition 6.1. Two convex polytopes A and B do not intersect if and only if there
exists a plane C having one of the following properties:

(1) C contains one face of a polytope, the two polytopes are on different sides of C
and one polytope does not touch C.
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(2) C passes through one edge of a polytope and is parallel to one edge of the other
polytope, the two polytopes are on different sides of C and one polytope does
not touch C.

Corollary 6.2. For two convex polytopes A and B, let their positive-oriented vertex
sequences on the i-th and j-th faces respectively be ai1, . . . aiki

and bj1, . . . ,bjlj . Let

MA =




[a11a12a13b1] [a21a22a23b1] · · · [ai1ai2ai3b1]
[a11a12a13b2] [a21a22a23b2] · · · [ai1ai2ai3b2]
...

...
...

...
[a11a12a13bm] [a21a22a23bm] · · · [ai1ai2ai3bm]




,

MB =




[b11b12b13a1] [b21b22b23a1] · · · [bj1bj2bj3a1]
[b11b12b13a2] [b21b22b23a2] · · · [bj1bj2bj3a2]
...

...
...

...
[b11b12b13an] [b21b22b23an] · · · [bj1bj2bj3an]




.

The two polytopes do not intersect if and only if either one column of MA
s is composed

of −1’s, or one column of MB
s is composed of −1’s, or there are an edge 12 of A and

an edge 1′2′ of B such that

(1) [121′2′]s 6= 0,
(2) for any vertex i /∈ {1,2} of A, ([12i1′]− [12i2′])s = [121′2′]s,
(3) for any vertex j′ /∈ {1′,2′} of B, ([1′2′j′1]− [1′2′j′2])s = [121′2′]s.

7 Hybrid search and simulations

For two coplanar and positive-oriented convex polygons 12 . . .n and 1′2′ . . .m′, their
corresponding matrices M, M ′ are defined in (3.6). In the following cases, they do not
intersect, and there is no other case in which they do not intersect.

(1) A row of M s has no −1.
(2) A row of M ′s has no −1.
(3) A column of M s are all −1’s.
(4) A column of M ′s are all −1’s.

The above list suggests a hybrid search strategy: we can scan the matrices M s,M ′s

in a staircase way and skip a lot of redundant searching. An algorithm is as follows:

Input: Matrices M s,M ′s of size n×m and m× n respectively.

Output: “Intersection” or “no intersection”.

Step 1. Set Mat = M s, and set Mat1 = Mat2 = φ where φ is the empty set.

Step 2. Set col = row = 1.
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Step 3. Scan the col-th column of Mat to find an element not equal to −1. If no
element is found, then output “No intersection” and exit. Let i ≥ row be the
first row such that Mat(i, col) 6= −1 and set row = i.

If i does not exist, then if Mat = M s, set Mat1 = Mat(1..n, col + 1..m), set
Mat = M ′s and go back to Step 2, else set Mat2 = Mat(1..m, col + 1..n) and go
to Step 5.

Step 4. Scan the row-th row of Mat to find an element equal to −1. If no element is
found, then output “Intersection” and exit. Let j ≥ col be the first column such
that Mat(row, j) = −1 and set col = j.

If j does not exist, then if Mat = M s, set Mat = M ′s and go back to Step 2,
else go to Step 5.

Step 5. If Mat1 = Mat2 = φ, then output “Intersection” and exit.

Scan the columns of Mat1 and Mat2 to check if there is any column which are all
−1’s. If there is any, output “No intersection” and exit, else output “Intersection”
and exit.

For pairs of polygons with no intersection at all, the intersection-searching criterion
is obviously less efficient than the separation-searching one. For intersecting polygons,
the situation is reversed. The above hybrid search algorithm intertwines the column
scan and the row scan of the sign matrices, and takes into consideration that only the
column scan is complete in the judgement. In our simulation experiments, it performs
much better than the algorithms based on the previous two criteria separately.

In our simulations, we take one convex polygon as inscribed in a circle and another
one convex polygon as inscribed in a branch of a hyperbola. The total number of tests
is q, and each time we randomly choose n and m points sequentially from the circle
and the hyperbola respectively to form the vertices of our convex polygons. Figure 2
shows the performance curves of the three searching methods respectively. Four groups
of tests are carried out for the three methods, each group composed of q = 90 tests.
In each group, the percentage of intersection cases is used to tick the x-axis, and the
total time consumed in the q tests is used to tick the y-axis. The superiority of the
hybrid search is obvious.

In 3D case, we have similarly simulation results.
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